Composite Lyapunov approach Uniform ultimate bounded AMIRA's ball and beam system a b s t r a c t This paper first studies the tracking and almost disturbance decoupling problem of nonlinear AMIRA's ball and beam system based on the feedback linearization approach and fuzzy logic control. The main contribution of this study is to construct a controller, under appropriate conditions, such that the resulting closed-loop system is valid for any initial condition and bounded tracking signal with the following characteristics: input-to-state stability with respect to disturbance inputs and almost disturbance decoupling, i.e., the influence of disturbances on the L 2 norm of the output tracking error can be arbitrarily attenuated by changing some adjustable parameters. One example, which cannot be solved by the first paper on the almost disturbance decoupling problem, is proposed in this paper to exploit the fact that the tracking and the almost disturbance decoupling performances are easily achieved by our proposed approach. The simulation results show that our proposed approach has achieved the almost disturbance decoupling performance perfectly.
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Introduction
Many approaches for nonlinear systems are introduced including feedback linearization, regulation control, nonlinear H 1 control, internal model principle and H 1 adaptive fuzzy control. An output tracking approach is to utilize the scheme of the output regulation control [1] in which the outputs are assumed to be excited by an exosystem. However, the nonlinear regulation problem requires to solve the difficult solution of partial-differential algebraic equation. Another problem of the output regulation control is that the exosystem states need to be switched to describe changes in the output and this will create transient tracking errors [2] . In general, the nonlinear H 1 control has to solve the Hamilton-Jacobi equation, which is a difficult nonlinear partial-differential equation [3] [4] [5] [6] . Only for some particular nonlinear systems we can derive a closed-form solution [7] . The control approach based on internal model principle converts the tracking problem to nonlinear output regulation problem [8] . This approach depends on solving a first-order partial-differential equation of the center manifold [1] . For some special nonlinear systems and desired trajectories, the asymptotic solutions of this equation via ordinary differential equations have been developed [9, 10] . Recently, H 1 adaptive fuzzy control has been proposed to systematically deal with nonlinear systems [11] . The drawback with H 1 adaptive fuzzy control is that the complex parameter update law makes this approach impractical. During the past decade significant progress has been made in the research of control approaches for nonlinear systems based on the feedback linearization theory [12] [13] [14] [15] . Moreover, feedback linearization approach has been applied successfully to address many real controls. These include the control of electromagnetic suspension system 0307-904X/$ -see front matter Ó 2010 Elsevier Inc. All rights reserved. doi:10.1016/j.apm.2010.03.020 [16] , pendulum system [17] , spacecraft [18] , electrohydraulic servosystem [19] , car-pole system [20] and bank-to-turn missile system [21] . Almost disturbance decoupling analysis and systematic design are among the most issues to be further addressed. The almost disturbance decoupling problem, that is the design of a controller which attenuates the effect of the disturbance on the output terminal to an arbitrary degree of accuracy, was originally developed for linear and nonlinear control systems by Willems [22] and Marino et al. [23] , respectively. Henceforward, the problem has attracted considerable attention and many significant results have been developed for both linear and nonlinear control systems [24] [25] [26] . Marino et al. [23] shows that for nonlinear SISO systems the almost disturbance decoupling problem may not be solvable, as the following examples show:
where u, y denote the input and output respectively and h is the disturbance. On the contrary, these examples can be easily solved via the proposed approach in this paper. Fuzzy logic control has been applied not only to cement kiln, subway train but also to industrial processes. Its designing procedure is as follows. First representing the nonlinear system as the famous Takagi-Sugeno fuzzy model offers an alternative to conventional model [27, 28] . The control design is carried out based on an aggregation of linear controllers constructed for each local linear element of the fuzzy model via the parallel distributed compensation scheme [29] . For the stability analysis of fuzzy system, a lot of studies are reported (see, e.g., [30] [31] [32] [33] , and the references therein). The stability and controller design of fuzzy system can be mainly discussed by Tanaka-Sugeno's theorem [30] . However, it's difficult to find the common positive definite matrix P for linear matrix inequality (LMI) problem [34, 35] even if P is a second order matrix [36] . To overcome the difficulty of finding the common positive definite matrix P for fuzzy-model approach, we will propose a new method to guarantee that the closed-loop systems is stable and the almost disturbance decoupling performance is achieved. The desired problem for this study is summarized as follows. First, based on the feedback linearization approach a tracking control is designed to guarantee the almost disturbance decoupling property, i.e. the influence of disturbances on the L 2 norm of the output tracking error can be arbitrarily attenuated by changing some adjustable parameters, and the uniform ultimate bounded stability of the control system response within an adjustable global final attractor of the zero state, i.e., such response enters a neighborhood of zero state in finite time and remains within it thereafter. Once the tracking errors are driven to touch the attractor with the desired radius, the conventional fuzzy logic control immediately applied via human expert's knowledge to improve the convergence rate. In order to exploit the significant applicability, this paper also has successfully derived tracking controller with almost disturbance decoupling for a famous AMIRA's ball and beam system. on top of the system. The beam is located in the center of the system and driven by a tooth-belt, a tooth wheel and a DC motor. The angle of the beam is measured by an incremental encoder mounted at the rear end of the beam shaft. Two limited switches are located below the beam to detect whether the beam reaches its maximum angle or not. The unmeasurable states, the speed of the ball and the angular speed of the beam, are estimated by a Luenberger reduced order observer.
Due to the mounting of the beam, the maximum angle a max % 0.24 rad.
Balancing all the forces acted upon the system, it is easy to evaluate the Kinetic energy, potential energy, dissipative forces, and generalized forces of the system. Inserting them into the Lagrange equation, we can obtain simultaneously the motion equations [37] 
, g = gravity, b 6 = mg, I w = inertia moment of the beam,
velocity of the ball, x 3 = a = angle of the beam to the horizontal, a max = maximum angle of the beam to the horizontal, 
Feedback linearization controller design
In this paper, we consider the following nonlinear control system with disturbances:
yðtÞ ¼ hðx 1 ; x 2 ; . . . ; x n Þ ð3:1bÞ
i.e.,
yðtÞ ¼ hðXðtÞÞ;
where
p are smooth vector fields on R n , and hðXðtÞÞ 2 R 1 is a smooth function. The nominal system is then defined as follows:
ð3:2aÞ yðtÞ ¼ hðXðtÞÞ:
ð3:2bÞ
The nominal system (3.2) consists of relative degree r [38] , i.e., there exists a positive integer 1
hðXðtÞÞ -0 ð3:4Þ
for all X 2 R n and t 2 [0, 1), where the operator L is the Lie derivative [12] . 
Define a phase-variable canonical matrix A c to be 15]). Consider the system _ x ¼ f ðt; x; hÞ, where f : ½0; 1Þ Â R n Â R n ! R n is piecewise continuous in t and locally Lipschitz in x and h. This system is said to be input-to-state stable if there exists a class KL function b, a class K function c and positive constants k 1 and k 2 such that for any initial state x(t 0 ) with kx(t 0 )k < k 1 and any bounded input h(t) with sup tPt 0 khðtÞk < k 2 , the state exists and satisfies
for all t P t 0 P 0. Now we formulate the almost disturbance decoupling problem as follows:
). The tracking problem with almost disturbance decoupling is said to be globally solvable by the state feedback controller u for the transformed-error system by a global diffeomorphism (3.6), if the controller u enjoys the following properties:
(i) It is input-to-state stable with respect to disturbance inputs.
(ii) For any initial value x e0 :¼ eðt 0 Þ gðt 0 Þ ½ T , for any t P t 0 and for any t 0 P 0 Proof. Applying the co-ordinate transformation (3.6) yields
. . . We consider Lð e; gÞ defined by a weighted sum of V (g) and Wð eÞ, Lð e; gÞ :¼ VðgÞ þ kðeÞWð eÞ;
ð3:45Þ
as a composite Lyapunov function of the subsystems (3.43a) and (3.43b) [39, 40] , where Wð eÞ satisfies Wð eÞ :¼ 1 2 e T P e ð3:46Þ
In view of (3.17), (3.20), (3.21), (3.24) and (3.25), the derivative of L along the trajectories of (3.43a) and (3.43b) is given by 
k min ðPÞ
where k min (H) denotes the minimum eigenvalue of the matrix H. Utilizing the fact that k min (H) = 2a s , we obtain So that statement (3.23b) is proved and then the tracking problem with almost disturbance decoupling is globally solved. Finally, we will prove that the sphere B r is a global attractor for the output tracking error of system (3.1). From (3.53a) and (3.26i), we get
For ky total k > r, we have _ L < 0. Hence any sphere defined by
is a global final attractor for the tracking error system of the nonlinear control systems (3.1). Furthermore, it is easy routine to see that, for y total R B r , we have 
Fuzzy controller design
After using feedback linearization control as a guarantee of uniform ultimate bounded stability, the multiple-input/single-output fuzzy control design can be technically applied via human expert's knowledge to improve the convergence rate of tracking error. The block diagram of the fuzzy control is shown in Fig. 3.1 . In general, the tracking error e(t) and its time derivative ė (t) are utilized as the input fuzzy variables of the IF-THEN control rules and the output is the control variable u fuzzy .
For the sake of easy computation, the membership functions of the linguistic terms for e(t), ė (t) and u fuzzy are all chosen to be the triangular shape function. We define seven linguistic terms: PB (Positive big), PM (Positive medium), PS (Positive small), ZE (Zero), NS (Negative small), NM (Negative medium) and NB (Negative big), for each fuzzy variable, as shown in Fig. 3.2 .
Fuzzy control rule table for u fuzzy is shown in Fig. 3.3 . The rule base is heuristically built by the standard Macvicar-Whelan rule base [42] for usual servo control systems. The Mamdani method is used for fuzzy inference. The defuzzification of the output set membership value is obtained by the centroid method. Therefore, we can combine the designs of feedback linearization control and fuzzy control to construct the overall controller as follows:
hðXÞ À y where u, ydenote the input and output respectively, h (t): = 0.5 sin t is the disturbance. On the contrary, this problem can be easily solved via the proposed approach in this paper. Following the same procedures shown in the demonstrated example, the tracking problem with almost disturbance decoupling problem can be solved by the state feedback controller u defined as
À Á ½À sin t À ð0:03Þ À2 ðx 1 À sin tÞ À ð0:03Þ À1 ðtan À1 x 2 À cos tÞu s ðtÞ þ u fuzzy u s ðt À t 1 Þ: ð4:2Þ
The tracking error dynamics driven by u fe+fu and u feedback for (4.1) are depicted in Fig. 4 .1a and 4.1b, respectively. It is easy to see that the convergence rate driven by both u feedback and u fuzzy , i.e., u fe+fu , is better than only by u feedback .
Conclusion
In this paper we have constructed a feedback control algorithm and fuzzy logic control which globally solves the tracking problem with almost disturbance decoupling for AMIRA's ball and beam system. The discussion and practical application of feedback linearization of nonlinear control systems by parameterized co-ordinate transformation have been presented. One comparative example is proposed to show the significant contribution of this paper with respect to some existing approaches. Moreover, a practical example of AMIRA's ball and beam system demonstrated the applicability of the proposed composite Lyapunov approach. Simulation results exploited the fact that the proposed methodology is successfully applied to feedback linearization problem and achieves the almost disturbance decoupling and convergence rate performances of the controlled system.
